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1 3amgaua

CocrosHue cBo6oaHON yacTHipl npH ¢ = 0 umeer Bua: ¥(0,x) = Aexp(—x?/2a* + ikyx). Haiitu npu
t > 0 cpemrue 3HAUCHH (X), (P.), (X = (X)), {(Px = (PN
Pemenue

Ob6mee pemenue ogHoMepHOTo ypaBHeHus [lpenunrepa nist cBOOOIHON YaCTHUIIBI UMEET BUJI

+00

1 —iwt+ikx

LX) = o fe HEC(k)dk, (1.1)
fik?
rie w = ——.
A 2m

"3 yCJI0BUA 3aaa49d CICAYCT, YTO
+0o0
1 ,
(0, x) = D f e C(k)dk, (1.2)

—00

U3 npeobpazoBanust Oypbe cieayer TOXKIAESCTBO

T .
S ft//(O, x)e ""dx = C(p). (1.3)

Borumciaum uHTErpai B jeBoit uactu. Ionoxkum x = z — b, tne b = —ia*(ky — p). Torna

+00

+0o0
A x? A a*(ky — p)? z
a0 fexp {_ﬁ + tkox — sz} dx = PN exp {—T} fexp {—2—612}6& =

+00
Aa a*(ko — p)? 2
= 1_/26XP{ OT fe T dy. (1.4)

—00

+00

)
Beruucnum unterpan I = f e dy.
—00

+00 +00
fe ydyf “dx = ff 0N dxdy = quﬁ fpdpe_‘o2 = (1.5)
Takum oGpasom, I = /7.

Wrak, noiy4aem, 4ro

—k 2.2
C(p) = aA exp {—%}. (1.6)
[ToacraBnss nmonydeHHOe BbipaxkeHue B (1.1) u uHTErpHpys noaydaem
ink2a’t
A x> = 2ia*kox + 0
W(t, %) = ———— exp{ - _m 1 (1.7)
iht int
T e
ma? ma



Haiigem A.

hikot
: A
7 = exp = D
1 ht a2 1+ E
poe e
Ilycts
=Xx- hiot =4/l + e\ ==
Z = s - maz ’ y - af'
Torga
hkot\’
P i
[T -, 2
—c0 —oo ht 2 2 1 + E
) L ( ma?
A2 Z2
—exp{ }dz—aAzfeydy—\/?raAz—l
f 2f?
@) A= !
Tcrona A = AN
Teneps BEIMUCIAM BeIHUUHBI {p.), (x) 1 ((x — (x))*), ((px — {P:)?).
212 2
s s ihkga“t
oy = —x + ik, A xp _x - 2ia“kox + -
X .ht T
a2(1+l—2) 1+lh_t 2a2(1+it2)
ma maZ ma
hkot\ kot
i(x——o) - + a’ky -
m m
Py = lhax‘/’ =h Y= = 5
int int
al|ll+— a|l+—
ma? ma>
hkot hkot
—i(x——o)—l—o + a*k -
m m —
(p)’ = ihd" = y=

it
a2 (1 - 1_2)
ma

r 1k kot pot
(x) = fx|¢/|2dx = f(z y 0 t) lWPdz = —~ = Pot _ Vi,
m m m

—00

MOCKOJIBKY (DYHKIUS z|y/|* SBISETCS HEYETHOM OTHOCHTENBFHO MEPEMEHHOI 2.

(9

. izh
(px) = fl!’ popdx = f —————— +Tiko [’z = hiko = py.

ht
—oc0 a2 (1 + l_z)
ma

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)



[ee) (o8] [ee)

(x*) = f ClylPdx = f (z+@) ly*dz = f (Z AL (hk‘)’) ]W, |dz =
m m m

—00 —00 —00

()

i hkot

(kol‘) fze”zfde_(_o) +a3f2A2fye’dy—
f m

) +00 2 2 2

fi 2 12 # 2 1(h
— @t +a3f2A2fe—y2dy: ﬁt +i: ﬁ +a— —_ —t . (116)
m m 2 m 2 2

0

3 22
) = f W (pudx = f (pu)* padx = f {h2k3+ 2 koim T }|¢/|2dz—

m2a4 + t2h2 a4f2

2 2

= W’k + ?—fz fz Widz = 1k + o (1.17)
2 1(h
(6= (D) = (A = = S+ 5(—’) . (1.18)
h2
((px = (p))?) = 27 (1.19)

2 3apaua

Haiitu ko3¢ duimenT npoxoxIeHus YacTHIBI Yepe3 NOTeHIUAIbHBINH Oapbep

{UO >0, x € [0,al;
U(x) =
0, x ¢ [0,al.

Pemnenue
ITycTh ecTh cBOOOIHAS YacTHUIlA, KOTOpAas HaJIeTaeT Ha MOTCHIMAIBHBIN Oapbep. PaccMoTrpuM ypas-

HeHue [Ipenunrepa

p 72
2L~ (——A + Uo) 4 2.1)

ByneM peruarh 3aa4y I OQHOMEPHOTO CIlydas, TO €CTh HojaraeM A = §2. MI3BeCTHO, YTO pelIeHHEM
ypasHenus IlIpeaunrepa B JaHHOM ciiydae OyJIET ABIATHCA QyHKIHUsA P ~ e iwitiks,

Paccmorpum obnactu venpepeiBHOCcTH QyHKuu U(x). Beenem crenyromue onpenenenus. Hazo-
BeM o0sacThio 1 MHOXKeECTBO (—00,0), Ha HeM pyHKIMs U(x) paBHA TOXKIACCTBEHHOMY HYIIIO, 00JIaCThIO
2 muoxecTBo [0, a], Ha Hem ¢yHkIusa U(x) = Uy, u 0061acThi0 3 MHOXKECTBO (a, +00), Ha HeM U(x) = 0
Bynem cunrarh, 4TO YacTUIla JIETUT U3 —00 B CTOPOHY +00. Toraa Bompoc 3a1auu MOXHO nepedopmy-
JUPOBATh CIAEAYIOUIMM 00pa30M: KakoBa BEPOSTHOCTD MONAJaHUs YacTHUIbI U3 obnactu 1 B obmacts 37

B xaxxnoif u3 BBeneHHBIX oOnacteii Oynem uckarb pemenue ¥, i = 1,2, 3 ypaBHenus (2.1), a pemeHue



¥ Ha BCel YMCIIOBOM IIPSIMOM MOIYYUM ITyTEM CIIMBKH COOTBETCTBYIOIIMX PEIICHUH B TOUKAX pa3pbiBa
MOTEHIMAIA.

CHagayia pacCMOTpPUM CJIyd4ai, Koraa sHeprus dacTuilsl O0osibine Uy. B obmactsax 1 m 3 yactuna
hzk(z) 1
cBo0OOHA, CIICA0BATEIIBHO, NMeeM E = Ly H3 3TOTO kpy = 7 V2mE. B obmactu 2 yacTuiia HeCBOOO HA.
m

ScHo, uTO TIpM BCTpede ¢ OaphbepoM JHEPrusl YaCTUIIBI HE M3MEHUTCS, MOATOMY W3 yCIoBUS E =

h’k? 1
g + Uy nisg obnactu 2 uMeeM k = 7 \2m(E — Uy).
m

Pemraem MeTooM HeomnpeneleHHbIX Kodpduuuentos. Heonpenenenusle kodGQUIMEHTH Haiigem
U3 yCJIOBHS CHIMBKU. B obnmactu 1 miem pemenue B Bujge W) = e @itikox 4 pg=iwi-ikox B o6nactu 2

pelenue uiieM B Buge ¥, = Be Witiky 4 Ce~iwi=ikx B o6nactu 3 pemenue umieM B Buje Wi = De @ tikox,

311ech caraeMbl€ ¢ WIEHOM X" COOTBETCTBYIOT BOJIHE, PACIIPOCTPAHSIOMIEHCS B UCXOMHOM Halpasiie-

HHUM, a cJlaraeMble C 4JIEHOM e ** — B mpoTuBononoxkHoM. Takum 06paszoMm, |A> — 310 ko3 PULIHEHT
0 D|* — 0
oTpaskeHus OT 6aprepa, a |D|” — koddhdunreHT mpoxoxkaeHus uepe3 dapbep.
3anumem ycinoBus clIMBKUA. OHHU NPEACTaBISAIOT COOOM yCIIOBUS PaBEHCTBA COOTBETCTBYIOIIMX

(GYHKIMI ¥ UX TPOU3BOIHBIX B TOUKAxX pa3pbiBa x = 0 u x = a.

Pili=0 = P2li=0
¥/li=0 = ¥l=0
Plr=a = P3li=a
Y li=a = Vili=a

Pacniumem st ycnoBus. Ilomydum cucteMy U3 4eThIpEX JIMHEHHBIX ypaBHEHUN Ha 4 HEU3BECTHBIC

A, B, C, D. Hwxke npuBeicHbl YPaBHEHHUS, TIOENEHHBIE HA ¢/,

1+A=B+C,
iky — ikoA = ikB — ikC,
Beika + Ce—ika — Deikoa’

iBke™ — iCke ™ = iDkoe™

Pemnm cucremy meronom Kpamepa. HamomHMM, 9TO ¢ MCHONIB30BAaHMEM JAaHHOIO METOAA i-as Mepe-
MEHHas1 paBHA %, IIe A — OIpPEIEIUTENb MaTpULbl CUCTEMBl YPAaBHEHUM, & A; PABEH OIPEIACIUTEIIO
TOM K€ MaTPHIIbI C 3aMEHEHHBIM i-ThIM CTOJIOIIOM Ha CTOJIOEL MPaBOM YaCTH CUCTEMBI.

HCpCHI/IH_IeM IMOJIYYCHHYIO CUCTEMY B MAaTPpUIHOM BHUJIC.

1 -1 -1 O A
kh k -k O B

0 eika  pika _p=ikoa || o 0
D

0 _ke—ika keika koe—ikoa



Brruncium onpeaenuTens A MOJTYYEHHOW MaTpuubl. s 3TOro BBIYTEM M3 BTOPOW CTPOKU NEPBYIO,

YMHOXEHHYIO Ha k( , @ K YETBEPTOI CTpOKe MPUOABUM TPEThIO, YMHOKEHHYIO Ha k¢. [lomyunum

1 -1 -1 0
0 k+ko —k + ko 0
0 e—ka eika _e—ikoa

0 (ko — k)e ™ (ko + k)™ 0

Takum obpazom, A = e %0 ((ky + k)?e** — (k — ko)*e~**) Tenepb nocunTaeM A; U A4 (HATIOMHHUM, YTO

HAC MHTEPECYIOT TOJIbKO nepeMeHHbie A u D). tak, He00X0IUMO BBIYUCIIHUTD

-1 -1 -1 0
ky k k 0
0 e—ika eika _e—ikoa

0 _ke—ika keika koe—ikoa

'
I

[TpubaBuM KO BTOPOIi CTPOKE MEPBYI0, YMHOKEHHYIO Ha ki), @ K YeTBEPTOIl CTPOKE TPEThIO, YMHOKEHHYIO

Ha kg, TTOTyIHM

-1 -1 -1 0

0 k = ko —k—ko 0 —ikoa ika ~ika

0 —ika ika —ikoa = ¢ o ((k2 - k(z))ek - (k2 - k(%)e ¢ )
e e —e

0 (ko — k)e ™ (ko + k)e*® 0

AHanoruyHo Haiigem

1 -1 -1 -1
ky k -k kg
0 ke pika

0 —ke @ ketka

>
i
Il

= 2ko(k + k) = 4kk

Haiinem unTepecyromue Hac nepemeHHsle A u D.

A= A _ —e~hoa((k? — k%)(e”‘“ D)) _ (k* - k§)2i sin ka _
A e—ikoa((k + k0)2eika _ (k _ kO)Ze—ika) (k _ kO)Ze—ika _ (k + kO)Zeika
2isinka
ek — g-1gika
D Ay _ Akko _ a—a!
A e—ikoa((ko + k)Zeika _ (kO _ k)Ze—ika) e—ikoa(a,e—ika _ a,—leika)
3nech @ = P ; ko' Haiinewm |A? u |DJ>.
0
lae™* — 71 = |a cos ka — ia sinka — ! cos ka — ia~! sinkal* =

cos’ka(@® + a2 —=2) +sin*ka(@® + @ > +2) = o + @ * — 2cos 2ka

6



Torma

AP = 4 sin” ka
@ +a?-2cos2ka
D = @ +a?-2

a?+a?-2cos2ka
2 2 _ o
HetpynHo npoBeputs, uto |A|” + |D|~ = 1. Takum 00pazom, cymma BEpOSITHOCTEH OTPaKCHHS YaCTHUIIbI

oT Gapbepa M NpoxokaeHus €€ uepes Gapbep paHa 1. Pacniumem |D|* gepes k u k.

(k- ko)?  (k + ko)? _((k+ ko) — (k — ko)*)* 3 16k%k;

2 — =
Tkt k)R h—ko)? k2 —12)2 =122

a+a?-2

(k = ko) Lk ko)®
(k+ko)* (k= ko)
16k°k2 + 4 sin® ka(k* — k2)*
(k2 — kg)?

>+ a2 —2cos2ka = —2+4sin’ka =

Ca €A0BaTCJIbHO, ITOJIYUYHUM
4K

T 4K + (k2 — k)2 sin’ ka

Hns cnygas E — Uy < 0, T. €. KOrIa SHEPrusl YacTHUIbl MEHbIIE SHEPrHH Oapbepa, aHaJOTHYHBIMH

IDP?

PacCyKICHUSMH Oy IUM
42k

422 + (2 + k2)? sh’ xa’

IDI?

v2m(U0 - E)

rae % =
h

3 3aagaua

Haliti ypoBHHM 3HEpPIUM 4acTHULBI B IOTCHIMAIBHOU sIME

-Uy<0,x€]0,a];
0, x ¢ [0,al.

Ux) =

Pemenue

Paccmorpum citydaii, korga sHeprus dactuiibl E < (. Pemarp 3Ty 3amady OyzmeM aHaJOTHYHBIM
METOJIOM, 4TO M 3ajady 2. Pa3nmenum 4mciaoByro mpsiMylo Ha oOiacTd, B KaxIoW U3 obnacteil Oynem
MCKaTh pEIICHUE B ONPEICIIEHHOM BUJIE, a 00IIlee pelIeHNe HalIeM IyTeM CIIMBKHU B TOUYKaX pa3pbiBa.

Urak, 061acTeio 1 Ha30BEM MHOKECTBO TOUYEK X € (—00, (), 06macThio 2 MHOXKECTBO TOUEK X € [0, al,

l .
a 001acThIO 3 — MHOXECTBO X € (a,+00). B obmactax 1 u 3 umeeMm kg = — v2m|E| = ix, B obnactu 2
h

1
nMeeM k = 7 \2m(E + Uy).

OO6mmii Bux pemeHus B oomactu 1 ecte Pi(x) = Ae* + A’e™*. YcrpeMuM x — —o0, TIOTYyYUM

¥, (x) — oo 3a cuer uieHa A’e™*, Ho ¥|(x) momkHa ObITh 0 HA OECKOHEYHOCTH, clieaoBaTenbHo, A" = 0



U B oOmactu 1 MBI JOJKHBI UCKaTh peuieHue B Buae ¥i(x) = Ae**. AHATOTUYHBIMU PaCCyKIACHUSIMU
MOJIy4aeM, 4YTo B 00JIaCTH 3 MBI JIOJDKHBI HCKaTh perieHue B Buae Y5(x) = De ™. B obmactu 2 pemieHue
uiieM B Bune P(x) = Be™ + Ce %~

VciioBUs CIIMBKY TaKMeE ke, KaKk U B 3aja4e 2.

Pilr=0 = Pali=0
¥il—0 = =0
Plr=a = P3li=a
V0= = Vili=a

[lepenumiem 3T ycaoBHsI Cpa3y B MAaTPUYHOM BUJIE.

1 -1 -1 0 A
x ik ik 0 B
0 _eika _e—ika e C

0 —ike™ jke*k¢ —ye=a |\ D

|
o O o O

Cucrema ogHOpOAHA, CIENOBATEIbHO, HETPUBHAIBHOE PELICHUE CYLIECTBYET, KOIZA ONPENEIUTENb A
Marpulpl cuctemsl paseH 0. Halimem 3TO ycioBHe Ha ONpeneiauTeNh CHUCTEMbl. BbrureM u3 BTOpOMH

CTPOKU TIEPBYI0, YMHOKEHHYIO Ha %, @ K UETBEPTOM NpHOaBUM TPETHIO, YMHOKEHHYIO Ha %, OIYyYUM

1 -1 -1 0

- 0 —ik+x ik + x 0 _
0 _eika _e—ika e ra
0 (= — ik)e™® (ik — x)e™*¢ 0

—e 7 (=(ik = %)*e™™ + (ik + 2#)*¢"“) = 0

[Tepenuiiem 370 paBEeHCTBO B CIEAYIOILEM BHJIE

(ik + x)? _ ik
(ik — x)?
Jlanee
k—ix ika .
i +e " = +(cos ka — i sin ka)
ix

9TO PABCHCTBO 6YIIGT BBITIOJIHATHCA, KOrJga 6YJIYT PpaBHBI I[Cf/iCTBI/ITGJ'IBHElH U MHHUMas 4aCTu ClpaBa HU

CJICBa OT 3HAKa paBCHCTBA, TO €CThb

k> — x>
——— = +coska
k2 + 22 ’
3.1
2kx ) G-1)
m = +sinka

38.M6TI/IM, qToO JICBAA 4YaCTb BTOPOI'0 YPaBHCHUA BCCIra ITOJOKUTCIIbHA. N3 storo IMMOJIYYHUM YCJIOBUS Ha

BBIOOp 3HaKa B MpaBOW 4YacTH, TO ecTh "+" Oepem, korma ka € [2nn,nm + 2xn] , a "-" Gepem, Koraa

ka € [r(2n — 1), 27n], n — nenoe.



CHauasna paccMOTpUM cllydail O4eHb NIyOOKOH siMbl, TO ecTh Uy — oo, cienoBareabHo kK — oo.

Torna u3 nepBoro ypaBHeHus: cuctemsl (3.1) numeem

! %
k* — 5 T2
coska =+ —— S = +1.
k2 + %2 %2
k—o0 1 + =
2
k k—o0
Orcrona 3akiodaeM, 4to ka = nin, n — nenoe. Janee
2m E+U n*n?
=T
(mnh)?
E+Uy= >
2ma

B nmocnegnem pasenctBe n # 0. JleiictButensHo, mycth n = 0. Torma k = 0 u ycnoBue ka — oo
He BbITIONIHAETCs. BoHoBast pyHknus yactuipl B obnactu 2 paBHa B + C. Teneps noxcrasum k = 0
B HCXOJIHYIO CHUCTEMY JIMHEWHbIX ypaBHeHUH. [lomyuum, uto B + C = 0, cienoBaTelbHO, BOJHOBAs
(YHKIHS 9acTUIBI B SIME paBHA HYJIO, TO €CTh YaCTHUIIbI TaM HET.

Tenepp paccMoTpuM ciyyail, Korja siMa UMeeT KOHEUHYI0 N1yOuny. Mimeem

1
k= % \/Zm(Uo - |E|)

O0603HaunM ¢ = ka/2 n paccMOTpUM NIEPBOE ypaBHEHUE cUCTEMBI (3.1).

k* — »?
m = +coska (32)
[Ipeobpazyem neByro 4acTh (3.2)

K—x®  (2la) -x* & -l 28 -
K+x> (fa) +x2  E+xa24 @

b

e o = x*a’ /4 + £*. Tpasas yacthb (3.2) paBHa + cOs 2&, UTOTO MOIYYUM

21 cos?

6—2 =—-(lxcos2{) =4 | 26 ,

a 2 sin” &
3
= =[cos¢],
a
£ _ fsing
a

3nech mepBO€ ypaBHEHHE COOTBETCTBYET 3HaKy "+", a Bropoe 3Haky "—". SICHO, 4TO MOMYyYMJIMCH

2 TpaHCUEHACHTHBIX YpaBHEHHS, pemiath ux Oyaem rpaduuecku. Hapucyem mpaBeie yactu 000X

ypaBHeHuH. [lomyunm
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Puc. 2. ITpaBas u sneBast 4aCTH ypaBHEHUI
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C yderoM ycnoBHii Ha BbIOOp 3HAKa, MOIYyUYUM
31ech HapUCOBAaHA TAKXKE JIEBAsl YaCTh YPAaBHEHUH B 3aBUCUMOCTH OT «. Haiinem HarisiiHbIi cMbICIT
napameTpa @ ¥ IpoaHaIM3upyeM HolydeHHoe perieHue. M3BecTHo, uyTo

2.2

x
Q

Taxoxe HU3BCCTHO, YTO

mUy a |E| 1z
=5 2 —|E]) = 1-—
- = 5= V2m(Uy - [E] h( )

Uy
xa  [mUya (|E| 12
2 V2n (70)
a |mU,

W3 mocnenHuX paBeHCTB MONYyYUM, 9TO @ = 7\ [ — Y 9TO OHA MPAKTUYECKU XapaKTEepHU3yeT pa3Mep
SIMBI, TaK Kak a — mupuHa siMel, a Uy — e€ mryouna. Takum oOpa3oM, u3 rpaduueckoro penicHus
YpaBHEHUSI HAXOAHWM, YTO JJIsi JFOOOTO CKOJb YTOAHO MAaJIOTO pa3Mepa sIMbl XOTS Obl OJMH JHEpre-
THYECKUH YPOBEHb CYIIECTBYET, TaKk Kak mpu @ — 0 ecTb pemieHue ypaBHeHus. C yBelIMYCHHEM &
nony4yaeTcsi OOoJbIlle pelIeHn YpaBHEHHsI, CIIEA0BaTeIbHO YeM OOJIbIIe MJIOMaAb MBI, TeM OOIbIIe B

HEW PHEPreTUYECKUX YPOBHEM.

4 3amaua

Haiitu ypoBHu sHeprum yactuisl B nosne U(x) = —gd(x), g > 0.
Pemenue

3anumem ypaBHenue Lllpenunrepa ¢ cOOTBETCTBYIOIIUM raMUJIBTOHHAHOM

(91,[/ h?

ho = =2y = g6 (4.1

Mpi1 OyzieM uckaTh BOJTHOBYIO (DYHKIIHIO, YAOBIETBOPSIONTYI0 ypaBHeHuto Llpeaunrepa, B Bune Y (t, x) =

e~y (x). Torma nmeeM
h2
Ey + —y" + g6(x0)y = 0, (4.2)
2m
IIpounTterpupyem ypaBHeHue (4.2) B OKpECTHOCTH HYJIA.

+&

2
f(Ew + h—t//’ + gé(x)z,b) dx =0 4.3)
2m
+& - +&
E f wdx + f W' dx + gy(0) = 0 (4.4)

+& 2
Efl/fdx + %(l//(«e) —Y'(-8) +gy(0)=0 (4.5)

11




YerpemuM € k Hynto. Toraa noixy4uM paBeHCTBO

h2
2—(¢'(+0) —¢/'(-0) + gy(0) = 0, (4.6)
m
N3 KOTOPOIo CICAYET, 4YTO
yeO _peo 7
¥(0) ¥ (0) ’ '

e & = 2mg/h?. TakuMm 06pa3oM, Mbl HAILIM CKAuYOK JIOrapu(pMHYECKOi MPOM3BOAHON BOIHOBOI
(GYHKIMH B HYJIE.

BonnoBas ¢yHKIus cieBa OT Hyns uMmeeT BUIL Ae™*, cripaBa — De ™. I3 HenpepbIBHOCTH (PyHKLIUU

Y¥(x) B Hyne cienyet, uto A = D. Ucnonb3ys yciioBue clMBKU (4.7) MOTYyYUM CIIEAYIOIEee PaBEHCTBO

. g _mg _ V2m|E|
2

= , 4.8
WU )
mg
= ——. 4.9
Ortcrona ciemyer, 4To B 0-00pa3HOii siME CYIIECTBYET TOJIBKO OJWH YPOBEHb SHEPTHUHU.
5 3apaua
Haiitu ypoBHu sHepruu yactuiibl B nosie U(x) = —g[d(x + a) + 6(x — a)], g > 0.
Pemenne
3anumem ypaBaenue lllpeauHrepa ¢ COOTBETCTBYIONIMM raMUJIBTOHUAHOM
0 h?
ih—l// =——y" —g[6(x+a) + 6(x — a)ly (5.1)
ot 2m

2
Y+ 50" + glo(x +a) + 6(x — a)ly(@) = 0 (5.2)

HpOI[eJ'II)IBafl BBIKJIaJIKX aHAJIOTHYHBIC BbIKJIaJKaM B 3a/1a4€ (4) ojry4dacm CJICAYIOIHE YCII0BUA CIHMBKU

2

Z—[t//(—a +0) - ¢'(—a - 0)] + g¢(-a) = 0,
m

(5.3)
h2
W@+ 0) = ¢/ (a = 0)] + gh(a) = 0, (5.4)
m
e (—a+0) W(-a-0)
V' (—a+ Y (—a— 5
_ = 3, 5.5
U(—a) U(-a) 8 (5-3)
W@+0) @-0)
_ - _3, 5.6
w(a) w(a) 8 -6)
e § = 2mg/h°.
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BonHoBas QyHKIUS / pH X < —a uMeeT BUA Aet™, npu —a < x < a : B +Ce™, npu x > a : De™*.

[ToncTaBinss B yCJIOBUE CIIUBKH IOJTy4aeM CIEAYIOLIYIO cUcTeMy (YUUThIBas HEMPEPHIBHOCTH (GYHKIIUU

¥(x))

k(Be™ — Cekv)
— = _g

Be*ka 4 Ceka

(5.7)
k(Be** — Ce™ ) .
_k — = —g
Beka + Ce*ka

HOCKOJ'II)Ky IIpaBas 4acCTb 3TOM CHUCTEMBI paBHAa HYJ/IIO, TO HETPUBHAJIBHOC PCIICHUC OHA UMECT TOJIBKO

TOraa, Koraa onpeaciIuTCIib 9TOM CHUCTEMBI PpaBCH HYIIIO:

(8)*e % — (3 — 2k)*e* = 0. (5.8)
Ortcrona cienyer, 4To
2%\’
(T - 1) = ¢, (5.9)
g
HNINn
2k
—=lxe (5.10)
g

TpusunanbHoe pemienue k = 0 He HeceT (uznueckoro cmbicia. [1oaToMy ero u3 paccCMOTpPEHHs Mbl HC-
KrouuM. Jlerko BuieTs, uto ypaBHeHus (5.10) umeror 1m60 01HO, TM00 Ba MOJOKUTEIIBHBIX PELLICHHUS.

B ciydae, korna a Mano, MOKHO MPHOIMKEHHO BBIYUCTUTH k. Mcnonbsys dopmyny Teitnopa

e = 1 = 2ka + 2k*a® + O(a?), (5.11)
NMEECM 5 B |
g ga—
~—° ~ 5.12
ga+1’ 2 ga? (5.12)

OueBUIHO, YTO NpU § < a” ! KopeHb k, yxke He SBISAETCH MONOKUTENLHBIM umcioM. [lo3ToMy mpu

2mga/h® < 1 pacuiemieHus YHEPreTHuecKOro ypoBHS HeT.

6 3amaua

HaiiTi 3HaueHust SHEPTrUM YaCTHUIIbI, P KOTOPHIX oOpaliaercs B Hy/Ib KOAGGOUIUEHT OTPaKEHUS OT

HOTESHIUAIBHOU SIMBI
-Up<0,x€]0,al;

U(x) =
(=) 0, x ¢ [0,a]

Peurenne

Bocnonb3yemcs pesynbratamu 3aaauu 2 ¢ 3ameHou Uy Ha —Uy. meem
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V2m(E + Uy)
h

Bcnomuum pasenctso 1 = |A]> + |D?, tne A — xo>dduimenT orpaxkeHnus, a D — kodpUIMEHT

k=

MIPOXOXKJICHUS YaCTHUIIbI Yepe3 MOTEeHIUanbHyo sMmy. Hamo Haiitm yciosue, korma |A| = 0, To ecTh

|D| = 1. Y3 3agaum 2 3HaEM, 4TO
4k2k(2)
4k2K2 + (k* — k2)? sin” ka

IDP?

u |D| = 1 Torga 1 ToneKo Torma, koraa sinka = 0.
sinka =0 = ka = nn

H, CJICA0BATCIbHO, HAXOAUM YCJIOBHUEC, COOTBCTCTBYIOIICC Tpe60BaHI/IHM 3aJa4un

2m(E + Up) (mn)?

n? a?
Otcroga mpuxoauM K OTBETY
(mnh)?
E = - Uy > 0.
2ma? 0

7 Jamaua He U3 CIUCKA

Pemienue PaccmoTpuM OHOMEPHBIA TapPMOHUYECKHI OCIMIUIATOP, COBEPIIAIOIINI KoJIeOaHus BAOIb

OCH X, oA AecTBUEM cuibl F' = —kx. [loTeHManbHast 3HEPTUsl TAKOTO OCHUJUIATOPA TPUHUMAET BUJL:

U kx> mw?x?
2 2
B kBaHTOBOI MeXaHWKe /17151 pEeIICHUs TaHHOH 3a1a41 HeoOXoauMo pemuTh ypaBHenue [llpenunrepa

, TIC W = A , — — 4acCTOTa rapMOHHUYCCKOTO OCHUILIATOpPA.
m

JUUTS TIOTeHIMAIbHOM 3Heprun U.

oYy .
h— =HY 7.1
ih— (7.1)
n h?
H = —2—(')x2 + U(x, t)— omepaTop MOJHOM 3HEPruM YacTHIlbl (oneparop ['aMunbToHa).
m
oV h? w?* x> m?
ih—=-—0,"+ ———|¥ 7.2
o ( 2m 2 ) (72)

3aMeTuM, 4TO paccMaTpuBaeMasi CHCTEMa CTallMOHAPHA, TO €CTh MOTEHLMaIbHas dHeprust U He 3aBUCUT
oT BpeMeHHU. B TakoM ciydae, omeparop H Takke He 3aBHCHT OT BPEMEHH, CIIE[OBATENEHO, PEIICHHE
ypaBHeHus [Ipeaunrepa cieayer UCKaTh B BUIE MPoU3BeneHUs ABYX GyHKIUH ¥ = y(x)p(t). [Tomcras-
asiem pynkimio ¥ B ypaBHenue lllpenunrepa u, pazaenus 3aTeM o0e 4acTH ypaBHEHUS Ha Y(x)@(1),

noJxyyaem
hop 1,
mob _ Ly

¢ o Y

14



Puc. 3. 'apmoHHYECKUI OCHUAIUIATOP.

HOJ’Iy‘IGHHOC PaBCHCTBO MOXKCET BBIMMOJIHATHCA JIMIIb B CJIydac, C€CJIW JICBad U IpaBasd 4YaCTH pPaBHBI

MOCTOSTHHOM BennuMHe, 0003HauuM e€ E. Takum oOpazom, UMeeM JiBa ypaBHEHUS:

o
E¢=ih—, .
¢=i " (7.3)
hZ 2 .2
Ey=|-tp2s 0% (7.4)
2m 2

A

DTOT pe3yNbTaT MOKa3bIBAET, UTO Y ABISETCS COOCTBEHHON (yHKUMEH raMUiIbTOHHAaHa H cHCTeMBI, a
E — COOTBETCTBYIOLINM COOCTBEHHBIM 3Hau€HHEM (a, ClieoBaTellbHO, BeIMYMHA E HE 4TO MHOE, KaK
SHEPrUs CUCTEMBI). VICX0s U3 BBIIEU3I0KEHHOTO, 3a]]a4a CBOJUTCS K pEIICHUI0 ypaBHEeHUs (/.4).
[Ipu 5ToM pemienriem ypaBHeHust (7.3) siBnsieTcs QyHKIUA ¢ = ¢0e‘E"% , TII€ g KOHCTAHTA. Y YUTHIBASI
TO, UTO KaK ¢, TaK 1 i OIIPENIETICHBI C TOUHOCTBIO /10 KOHCTAHTBI, TO )9 MOXKHO IPUHATH PABHOU €IMHMUIIE.
JIIs pelieHns 3a/adl HAXOXK/ICHUS CIIEKTpa oreparopa H mpowusseseM 3aMeHy IepeMEeHHBIX, KO-
Topast mpeoOpasyer H k Takomy BHIy, uTo KoddduumeHTs npu d,° u x> paBHbL B TakoM ciydae
Ha MOJYYEHHBINM KOYPPUIMEHT MOKHO TOACIUTh 00€ YacTH PAaBEHCTBA M TaKUM 00pa30oM BKIIOYUTH
ero B coOCTBEHHOe 3HaueHHe oreparopa H. B cuiy Toro, uro coGCTBeHHAs (DYHKIMS 11O CMBICIY
MPEICTaBIIeT COOOH COCTOSHUE CUCTEMBI, JOJDKHO BBITIONHITHCS COOTHOIIEHHE HOPMUPOBKH ||| = 1.

Beenem € = a x :

hZ 2
Ey = (——aza,fz Mad™ VA

2m 2a?

15



5 K2 , m w?
epeM @ Takoe, 4T0 —a~ = )
’ 2m 2a?

npuseneM H k Goree y106HOMY BHLY.

/ma)
B takom cyuae @ = 7 I[anee moACTaBUM ITIOJIYYCHHOC & U

7 1
Ey = 7‘“(—652 +EW = hw (€ = 00 + ) + 0 — £0¢)w

3ameTnM, 4T0 0 = £0; + 1. Takum 0Opa3zoM, nomydaem:

1
Ey = hw>((€ = ) + 0) + Dy

1 1
Onpenenenue 1. Bsedem onepamopwl a* = —2(5—65), a= —2(§+8§). Onepamop a* 6ydem nazvieamo

OTIEpaToOpOM POXKICHUS, @ onepamop a — ONepaTopoM YHUUTOKECHHUS.

C y4yeToM BBIICH3IOKEHHOTO, TAMUJIBTOHUAH PUHUMACT BU:
N N 1
H=hwla a+ —].
2
Takum oOpa3om, HcciaenoBaHue CieKTpa H CBOAMTCA K UCCIENOBAHUIO CIeKTpa omeparopa N = a*a.

Yr1Bepxnaenune 1. Onepamop a* Asnaemcs 3pMumoso CONpANCeHHbIM N0 OMHOUIEHUIO K ONepamopy d.

ﬂoxammeﬂbcmgo.

\/z(lﬁl,allfz)=fl//1(§¢’2+a§'//2)d§=flﬁlgl/’zdf"‘f'//lagl//zdf:f‘ﬁlfl/’zdf‘Ffl//ldl/’z=

—flﬁzdlﬁl =

B cuny toro yto Ha 6eckoHeYHOCTH (PYHKIUU Y| U Y, MPUHUMAIOT 3HAYEHUE HYIb, TO MOJCTAaHOBKA

WNHTerpupyem BTOPOIl MHTErpall 1O YaCTAM.

= flﬁlflﬁzdf"‘(lﬁllﬁz)

paBHA HYIIIO.

= f‘ﬂlflﬁzdf— fl//Zd'J/I = flﬁlfllfz - f%ag*//ldf = fllfz(fllfl — Ogp)dE = (a™ Y, ¥2)
YrBepikaenue 2. Koumymamop onepamopoé a u a* pasen eounuye.

Jlokazamenbcmeo.

[a,a"] =

(€ + 00 - 00 — (€ = B)E + D)} =

| =

1
= {6 + 066 — £0: + 0} — & + 00 — £0: ~ O} = Ot ~ €0

Kak yxe Obl10 3aMeueHo panee, 0:€ = {0, + 1, cnenosarenbHo [a,a”| = aa™ —a*a = 1.
Jlokaxxem HEKOTOpbIEe CBOMCTBA V.
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— JlokaskeM, 4TO CHEKTp [V OrpaHHyYeH cHU3Y. PaccMOTpHM HEKOTOPYIO HOPMUPOBAHHYIO COOCTBEHHYIO

dyHKIMIO ¥, a uMeHHo Ny, = Ay, Bynem cautars, uto ||, = 1, Torza

W Nya) = AW, = A

C npyroit cTOpoHBI,

A=W atapy) = (@), apy) = (@pa, apa) = llayall> > 0.

Bwmecte ¢ aTuM nomydaem, uto ||lay,|| = VA
— Jlokaxem, 9T0 a*yy, u ay, Takxke SIBIAIOTCS cOOCTBeHHBIMH (pyHKIUsSMU N. J[7s1 3TOTO, BOCHOIb-
30BaBIINCH YTBEPXKICHUEM 2, MONyYHM IePECTAaHOBOYHBIC (OPMYIBI it N M OIeparopoB a M
+

a

Nat =a*aa® =a*(@a+1)=a"(N+1)
Na = a*aa = (aa* - Da = a(a*a-1) = a(N - 1)

Teneps BBIUUCIUM PE3YNIBTAT JACHUCTBUS OnepaTopa N Ha byskm aty, v ay,.
N(ay,) = alN — Dy, = aNy, — apr, = (A — Day,

N@ay)=a" (N+ Dy, =a"' Ny, +a'y, =+ Daty,

CrenoBaTenbHO, ONEpaTopbl at W a mepeBoAsIT (QYyHKIHIO Y, B APYrHe COOCTBEHHBIC (YHKIHH

omeparopa N, a UMEHHO: ayy; = c_Y,1; a* Y, = cy¥y1. 30€ch c- = «/Z B CHUJIY paBEHCTBa

llayall = \//_1, ac,=VA+1T1kKk
A+ Dya = N + Dy = aa’™y, = coapan = ¢ VA+ 1y,

C y4eToMm BBIIIEU3NI0KEHHOTO, uist M000ro A # 0 BepHO To, uTO ¥, # 0. Takum 0Opasom, y orepartopa
N He MOXeT GBITh TOJOKUTEIBHBIX HELENbIX COOCTBEHHBIX 3HAUCHHI A, HHAYe, IIPHMEHss OIepaTop
YHHYTOXKEHHS K COOCTBEHHON (DYHKIIUH ¥/, MOXKHO OyZIET MPUHTH K MPOTHBOPEUHIO C TEM, YTO CIEKTP
N HeoTpHuaTeeH.

TokaseM, UTO BCe HEOTPHIATENbHBIE LEbIE YHCIIa IPHHAICKAT CIIeKTpy oreparopa N. Jls 3Toro
6Gy/IeT JOCTATO4HO IPUBECTH . 110 ONpeIeNeHuIo, Y, ecTh Takas GyHKIHs, uto Niyo = 0. 3amMeTnm, uto
N = a*a, cnenoBaTeNbHO, TOCTATOUHO NMPUBECTH (BYHKIIMIO, YAOBIETBOPSIONLYIO YPaBHEHHMIO ayy = 0,

TO ecTb —(§+0,)Yo = 0. Pemennem saBnsercs QyHKINA Yy = Coe €12, KoncranTy Haliem U3 yciaoBus
2

[loll = 1.
ol = Co? fe‘gzdx =1 BcnomHHM, 49TO & = @X.

1 1 1
Co?~ f e€di=1, C)= (@) . o= (@) e, (7.5)
a h



awo =1, (@ =va V2, (@)'wo =, Val. (7.6)

Taxxe MOXKHO 3amucaTh SIBHBIM BUJ COOCTBEHHBIX (DYHKIIH oneparopa N:

@) 1 (m;lu)‘l* (@*yesr
T

Yy = N
Takum 0Gpa3oM, MBI HAallUTH coOCTBeHHBIE (yHKIMH omepatopa H. CooTBETCTByONHE COOCTBEH-
Hble 3HaYeHNs H BRIpaXkaroTcs uepes COOCTBEHHbIE 3HAYEHHS N M MOTYT GBITh IIPEJICTABICHBI B BHJIE:
hw (n + 1/2), e 1 — MOJOKUTEJIBHOE 11eJI0€ YHCIIO, IIPU 3TOM JaHHOE COOCTBEHHOE 3HAYEHUE COOTBET-
CTBYET YK€ BBIUHMCIEHHON COOCTBEHHOW (QYHKLHU V.
Wrak, 6buta momyuyeHa Gopmyiia, BeIpakaromiasi COOCTBEHHbIE PYHKLIUU ¥,. 3aMETHM, YTO JaHHas
dopmyna He coBceM yaOOHa Ul BBIYMCIEHUS COOCTBEHHBIX (DyHKIMH B CHJIy HaJU4YUs B 3allUCU
orepaTtopa a*, BO3BECHHOTO B /1-10 cTeneHb. Oneparop poxIeHUs MOXKHO yOparh u3 popMyIibl, TPOBEs

HEKOTOPBIE MPeoOpa30BaHMUS.

Yr1Bepxkaenue 3.
(€= 0) = = PDpe™ P2
Hoxkazamenbcmeo.
2 2 2 2 2
20,7 = P (—ge P + 7 20,) = —£ + 0,

B coomeemcmesuu ¢ evtueusnooicennvim, (a*)' npedcmasnsemces 6 suoe

e A

@

Taxum obpazom, Y, ModcHO npusecmu K 8UdY:

1 mw % 2 2 2 1 maw ﬁll 2 2
Un = ———= (—) (—=1)'e" 20" e Pe P = —— (—) (1) 29" =
2! \ 7 ‘ V2! \ h

(7.7)

1 1
- = () e rerdose
"n!

2 2
OTMETHM, YTO MOCJIE PacKphITHs AudQepeHnuanos Beipaxkenue (—1)"e 0§e‘f IIPUMET BUJ MHOIO-
YJIeHa, TAKHe MHOTOUYJIEHbI Ha3bIBAIOTCSI MHOTOWIEHAaMH DpMUTa, 0003Ha4uM, Kak H,. Takum obpa3zom

coOcTBeHHbIE (PyHKIUU omeparopa H MOXXHO BBIPa3UTh, KaK

1 mo\i .
_ =&°/2
U = \/W(ﬂh) e ""H,(§). (7.8)

KacarenpHO MCXOMHOM 3aaud — HAXOXKACHUIO peuleHuil ypaBHeHus lllpeaunrepa, T0 B caMOM
Havaje ObUTO MoKaszaHo, uto ¥ = y(x)¢(t), cnenopareibHO ¥, COOTBETCTBYIOMIASI YPOBHIO dHEPTHU

E, = hw (n + 1/2), paBHa e 'El/h,
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8 3agaua

BBIYMCIMTE MaTPUYHBIN IEMEHT Il TApMOHMYECKOTO OCIIILIATOpa (1o, £2°%ys00s).
Pemenune
BBIUMCIMM HEKOTOPbIE MATPHYHBIE 3IEMEHTHI, UMEIONIMe ABHbIH (usnueckuii cMbica. OcHOBHas

3ajada OyJieT pelmieHa 9yTh MM03XKe, 10 aHAJOTHH C IPUBEICHHBIMU HIDKE PACCYKICHUSIMHU.
2mw
7]

Haiizem cpeHue 3HAYCHHS X 1 Py — (Y, X)) B (U, pYy). 3aMETHM, 9TO a+a* = V2& = X,

/ h
CIIeIOBATEIIbHO, X = > (a + a"). Takum 0Opa3oMm, MMOIyIaeM, YTO
maw

| h
('ﬁm Xl,[/n) = (wm (a + a+)¢’n> M

3ametuM, 9TO Ay, ~ Y,_1, a a* Y, ~ Y, . YUUTBIBAS, YTO i, €CTh COOCTBEHHBIE (DYHKIIH CaMOCOTIPSI-

KEHHOT'O OIleparopa, TO JJISl Pa3HbIX 71 3T (QPyHKIUN OpTOroHaNbHbI. CienoBaTeabHO

(Wn’ an) = 0.

A ¢ ydeTroMm Toro, 4to p, = —ihd,, moxydaem:

. V2 a2
a=a" = N2 == [oope =i e
. /hwm .
(wna pxl//n) = (l//na —1 ) (Cl —a )l,//n) =0

Beruucnum gucnepeuu i x U p,. Tak Kak CpeHUE 3HAYCHUs KOOPAMHATHI U MMITYJIbCA PABHBI

HYJIIO, TO OHH PABHBI (Y, X2W,) 1 (Yny P2U).

(l//n» X2l//,1) = (l//n’ (a+ (14—)2‘//11)i = (l//n’ (a2 +aa” +a‘a+ a+2)'7bn)i-
2mw 2mw

Cnaraembie ¢ @ U a*® MOXHO OTOPOCHUTH, TaK KaK TMPH JCUCTBUU HX HA i, MOIYIUM (QYHKIUU
MIPOTIOPIIUOHANIBHBIE i/, » U ¥/,,1» COOTBETCTBEHHO, a 3TH ()yHKIIUUA OPTOTOHAIBHBI i),

BrrancanM ocraBmmecs cliaracMauie:

aa"y, =aNn+ W, = V@ + D(n+ Dy, = (n+ Dy,

a+alr//n =a \/ﬁlr//n—l = \/Ewn =ny,.

B pesynbrare nomydaem:

h fi
Wy X)) = (W, Q0 + 1)%)—2 =@2n+1)—.
mw 2mw
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[IpoBens aHamOrMYHbIE BBIYUCIEHUS UISl p MOYXKHO MPUNTH K CIEAYIOIEMY pE3yabTaTy:

h h
Wi P20) = s ~(a = @ V) =5 = Qn+ D=,

A Ternepb MOXKHO TMOJYYWTh 3aMEYaTelIbHbIM PE3yNbTaT, KacarolUiCs KHHETHYECKOM U MOTEHIHU-

kx?
aJbHOM dHeprum cuctemsl. Kak u3BectHo, Exyy = o’ a Enorenn = - B nocraBiieHHBIX yCIOBUSIX,
m
2,2 2n+ D)k
Exyn = 4. lloacraBum cpenHee 3Ha4YCHUE XX =02n+ 1)%, nonydaeMm Exppg = %. 3aMeTuM,

N 2n+Dh
9T0 W = \/% . B BBIpakeHHe NIOTEHIUAIBHOM SHEPTUH TOACTaBgeM k = mw?, — Exor = %
BepneMmcs k nepBoHayainbHOM 3a7a4e.
[IpoBenem mpeoOpa3oBaHuUsl, aHAJIOTHYHBIC TEM, YTO MbI JEAJIA MPHU BBIYUCICHUU CPEIHETO X H

ero JAUCIICPCHH.

o \2005/2
2mw )

(W0, ¥ Ca00s) = o, (a + a*) P rages) (

3ameTuM, uTO Hocie packpbituu 2005 cTeneHn MOXKHO OyeT BHIKUHYTh BCe ciaraeMble, kpome a’%,

Tak Kak B OCTaJIbHBIX ClaracMbIX CyMMapHasa CTCIICHb IIpU a MCHbLIIC 2005, H, CJICA0BATCIbHO, IIPU

JNEUCTBUM Ha Y005 oayunM Cy;, tne C — Kakasi-To KOHCTaHTa, a [ > 0, a cnegoBarensHo, (Yo, ;) = 0.

A )2005/2

2mw

2005/2
mw )

= (¢o’a+2005¢2005)( = V2005! (2i

9 3agaua He M3 CIIHCKA

Haiitn ypoBHU 3HEpruyM rapMOHUYECKOIO OCLUILIATOPA B I10JIE CUJIBI TSKECTH.

PaccmoTpuM oHOMEPHBIM rapMOHMYECKHUN OCIMIIISTOP, COBEPLIAIOIINNA KoJeOaHus BAOIb OCH X,

OJT A€MCTBUEM BO3Bpamaromen cuibl F' = —kx u cunel Tsxkectu Fp = mg. [loTeHnmanbHas 3Heprus
. _ kX _ mw’x? _ k
TAaKoOro OCHWJIIATOpa NpUHUMAET BuA: U = 5- —mgx = "2~ — mgx, T1e w = L[/:- — COOCTBEHHas

4acTOTa FrapMOHUYECKOTO OCLHUIUISTOpA.
Penrenne
AHaJOTUYHO 3a7a4e O TAPMOHUYECKOM OCHMUIUIATOpE, OylIeM HMCKaTh COOCTBEHHBIC 3HAUCHUS Ta-

MuibpToHMaHa H. 3anumeM ypaBHenue Ipenunrepa s noreHunanbsHou sHeprun U.

v .
h—=HY
o
A 2
H = —2—(')x2 + U(x, t)— omepaTop MOJHOM 3HEPruH YacTUIlbl (oneparop ['aMunbToHa).
m

L 5
4eTOM CTALHOHAPHOCTH HKIUIO ¥ MOXHO NPEACTaBUTh, Kak ¥ = y(x)e F'i u nepeiitu
Cy U, by /4 , ' Eij

pELIEHUI0 YpaBHEHUSA
hz
u-(-Las o)
2m

kx? mw?>x*

Sy T mgx 9.1)



_ [k .
O= |~ 1. | F=-kx+mg

X y

Puc. 4. 'apMOHHYECKUI OCHMIUIATOP B TIOJIE CHIIBI TSKECTH.

HpI/IBe,Z[CM 3anuchk U k Oojee IIpoOCTOMY BULY. Brigenum moaHBIN KBaJpar, aciiad 3aMCHYy IICPEMCH-

HOM: ) )
U= %(x - x0)’ - %Xo2 , TIe X = g/w’.
Beenem & = (/%2x u & = /% x0. O603HaUNM & = & — &. Bripasum oneparop I'aMHUIBETOHA CHCTEMBL.
~  hw L mw? 2
H = — —8% —+ 2 _ —_— 2— =
2 ( A

hiw /o~ - ~ - 1
= 5 (&= 0E + ) - 80; + 0 - £3) = (a*a + (1= &f))
AHAIIOTUYHO 3aj1a4e HaXOXKIECHUS YPOBHEH SHEPIMHM FapMOHHYECKOTO OCIHILIATOpA, 31€Ch HE0O-

XOOUMO BBIYUCIIUTH COOCTBEHHbIC 3HAUeHHS H U COOTBCTCTBYIOIINEC UM COOCTBEHHBIE (I)YHKLII/II/I J/n-

Y4uThIBas, YTO CIIEKTP M COOCTBEHHBIC (DYHKIIMHU oreparopa a*a W3BECTHbI, TO
. 1 2 1 ng 1 ng
E":h“’(“i(l“f(’ )):h“’(“i( ‘h—w)):h‘”(“z)‘z—w
- 1 (mw

= V2rp! \ mh

HpeﬂHOJ'IO)KI/IM, 9YTO B MOMCHT BpPEMCHU [ = 0 cucrema HaxoauTCsa B OCHOBHOM COCTOsSHHH, TOTda

4 _
) ELH@),

3TOMY COCTOSIHHIO COOTBETCTBYET BOJHOBAst (DYHKIHS Y (B3sTasl U3 3a7]a9M O TAPMOHUYECKOM OCIIHII-
nsitope). Ecnmu «oTmycTuTh CUCTEMY» M TTO3BOJUTH €H MPOJOJIKUTH JIBIXKCHHUE, TO BOJTHOBAs (QYHKITUS

CUCTEMBI OyJIeT TPECTaBIATh COO0N CyMMY CIIEIYIOIIETO psfa:

[Se]

P(x, 1) = Z i (x)e Entlh 9.2)

n=0
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IIpu 510M |a,|* = (Yo, ¥,)|> — npeacTaBisior coboii BEPOATHOCTH CTALMOHAPHON CHCTEMbI OKa3aTh-
cs B ONpEJIETIEHHOM COCTOSHUH ,,. OYEBHIHO, YTO Yo la,> = 1.

Hatinem Marpu4HbIi 3JIEMEHT a,.

~ ~ (=" _ _ .
= W) = [ dv@(e - &) - e T
-1 _ 2 2
= | qgetardrg e ear
Vr2'n! ¢

WNHTrerpupyem 1o yactsam n pas. B urore nomydaem, 4ro

— &4 _ﬁ)ni
a, =e ( N1

[Monyuennas ¢popmyra mpeacrasisier coboi pacrpenenerue [Tyaccona.
Jlanee OyaeT moka3aHO, YTO MCXOJHAs CUCTEMa 00JalaeT TeM CBOMCTBOM, YTO CPEIHHE 3HAYCHUS
OIIEPaTOPOB X U p, BEAYT ceOsl ¢ TCUCHUEM BPEMEHH TaK )K€, KaK M B KJIACCHYECKOM clIydae.

SanuieM HCKOTOPBIC TOJYUCHHBIC paHCC (baKTBI, KOTOpPBIC HOHaI[O6$ITC$I IIpU BBIYHUCJICHUAX:

[mw [mw
&= 7)5 u &y = 7)60;

1 1
%(f—fo +0)ma’ = %(f—fo — 06).

B cuity pasnoxenus (9.2) BepHO cieayroniee paBeHCTBO:

COCTOHHI/IH, OITMCBIBAEMbIE COOCTBEHHBIMU (bYHKHI/IHMI/I orcparopa YHUYTOXKCHUA, HA3BIBAOTCA KO-

a =

ICpCHTHLIMMU.

Teneps nepeliieM HEMOCPEACTBEHHO K BBIYMCICHUIO CPEIHUX (X) U (P,).

] 7 h - . hoo .
(x = x0) = (i, (x = X)) = | — (W, (€ = &) = | 5— (0 (@ + @)
mw 2mw
o - . - oo .
(= %0) = = (@ ad) + @ D)) = |3, + ™) (_%)

(x —xo) = %(2 cos wt) (—%) = 4 / %(cos wt)(—&y) = —xp cos wt

CnenoBaTeibHO,

(x) = xo(1 — cos wt). (9.3)
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Tenepb BbIYMCINM JUCTIEPCUIO BEJIMYUHBI X. bojee yno0HO BelpaxkeHue nucnepcuu OyneT BoIpa3uTh

Yepe3 X — Xp U YK€ BRIYMCIICHHBIC BEJIMYHHEI:
(= )?) = () = () = ((x = x0)°) + 2(x)x0 = x5 = (x)°.

EJMHCTBEHHOE HEM3BECTHOE CJIaraeMoe B MOJNy4eHHOM BhIpaxkeHHH — {((x — Xxo)?), Haiiiem ero anano-

THYHO BBEIYHUCIICHUIO (X — X():

- - ho. -
((x = x0)") = (W, (x — X)) = — (@, (£ = &) =
maw

= @ @) = @ (@ + @ +atat aah) =
2mw 2mw

noo . oo . 2
= — (,7[,’ ((a+)2 + az +2ata + l)l//) — _(eZth + e—21wt +2) _i + h
2mw 2mw

V2

2mw
1,
= §x0(1 + cos 2wt).

Teneps npeodpazyeM KOCHHYC ABOWHOTO YIJIa U MOMYYHM:

1 h 1 h h
<(X — X0)2> = E)C(z)(COS 2wt + 1)+ % = 5)6%(2 COS2 wt—1+1)+ % = X% COS2 wt + %

Teneps 3anuiieM BoIpaXKeHUE IS TUCTICPCUU:
2 2 2 h 2 2
((x = (x))") = x5 cos” wt + —— + 2xp(1 — cos wi)xy — x5 — (xo(1 — cos wr))” =
2mw
OObenuHsIeM TIEPBOE, TPEThE M YETBEPTOE CllaracMbIe.
h
= x(z)(l —coswt)’ + — — x(z)(l — cos wt)?
2mw
B pesynbrare nonyyaem:

h
((x= (X)) = 57— (94)

2mw’

AHaornyHple BEIYMCIICHUS MOKHO IPOBCCTH U JIA BBIYHUCICHHA OUCIICPCUHU UMITYJIbCA. 3anumrem

Cpasy pe3yibrar:
himw

— 2—_
((p—<(p)H7) = >

OrMmernM, 9T0 Ax = A{x2) —{(x)?> u Ap = +/{p?) —(p)>. Takum 06pa3oM MOIyYaeM, YTO IS

paccMaTpHUBaeMBbIX COCTOSTHUI BEpHO PaBEHCTBO
h
AxAp = 2’ 9.5)

TO €CTb COOTHOLICHUEC HCOMPCACICHHOCTH IJIs1 KOICPCHTHBIX COCTOSIHUH MUHHUMH3UPYCTCA.
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10 3apaua
Haiitn ypoBHU 3HEpPIUM CUCTEMBI C TAMUJIBTOHUAHOM:
N 1
H=—@@*+pH+ ﬂa)z(x2 +y) +yxy, |yl < mw?. (10.1)
2m 2

Pemenue

JlaHHas 3a7a4a MOXKET OBITH pelIeHa MTPH MTOMOIIN 3aMEHBI TICPEMEHHBIX, TPH KOTOPOH TAMHUIBETOHH-
aH MPUMET TaKOW BHUJI, YTO IepeMeHHbIe B ypaBHeHuu [lpeaunrepa pasaensrcs. Ho Mbl Bocnosib3yeMcest
TaK Ha3bIBaeMBIM IIpeoOpa3oBanueM boromo0OoBa, B pe3yinbpraTe KOTOPOTO BOSHHKHYT HOBBIE OTIEPATOPHI
POXICHUS M YHUUTOXCHHS, TAKUE, YTO TaMUJIBTOHUAH QakTopu3yercs. [locie 3aMeHbI U1k KOOPIUHATHI
xal = %(‘fl —0g) a1 = %(fl +0g) T &1 = 4/%PX, ¥ QHATIOTUYHOM JUIsl KOOPAMHATBI y, IPUBEIEM
H x Buny

H = holaia, + aia, + ’g(aj' +a)(ay +a) + 1}, roef=-L.

[eiictBoBath OyneM B JBa 3Tana. CHauana HaiifieM npeoOpa3oBaHue, IPU KOTOPOM B FaMHJIBTOHUAHE
He OyZIeT claraeMblX BUA djd;.

IIycte
b, = aa, + Pa, by =a*aj +fa;
, Torja
by =ya, + da, by = y'aj +¢6"a;
Taxxe HEoOXomMMO NOTpeOOBaTh BBINONHEHUE ycnoBuid [by,b]] = 1, [by,b5] = 1, [b1,b;] = O n

[b2,b71 = 0.

[b1,b7] = (@a; + Bay)(a*a] + B*ay) — (a"a] + B a; ) aa; + Ba,)

[b2,b3] = (ya, + 6ax)(y*a] + 6"ay) — (y*aj + 6" az)(ya; + daz)
[b1,b5] = (aa; + Bay)(y*al + 6"ay) — (Y*a] + 6" az ) (aa; + fay)
(b2, b1] = (ya, + dax)(@*af + B ay) — (a*aj + B*a;)(ya, + das)

[b1,b]] = aa*a,a] + BB ara; — aa*aja; — PP asa, = aa” + 6" =1
[b2,b3] = yy*a1a] + 60" axa; — yy*aja; — 60 ayar = yy* + 00" =
1s = ay'ajai + B aal — y'aata, — 8 Baiar = ay* + =
[b1,b5] ‘ayay + pé*ara; — v aay 0" pa; 4+ 66 =0
1s = ya*a\ai + o axa; — a*yata; — Béaia, = ya' + =

JlaHHy!O crCcTeMy MOYKHO 3amucarb, Kak

3
a,p||a.p _E
Y,6 )\ v,0
a, .
CJIGI[OB&TCHLHO, ManHLIa SABJISACTCA yHI/ITapHOI/I. 3Ha‘-II/IT 3aMeHy KOOpIII/IHaT MOXXHO 3aIiucarhb B
7,0

BUJIC :

b, cos(¢), — sin(¢) NE by | | cos(¢), —sin(¢) . aj
b, sin(¢), cos(¢) | \az ) |\ b3 sin(¢), cos(¢) | | aZ
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3anumem oOpaTHOE peoOpa3oBaHUE:

ar| | cos(¢),sin(¢) . bi| a7 | [ cos(@),sin(¢) . by
ay) | -sin(@),cos(@)) (b} (a5 |-sin(g),cos(¢)) \b3)

HO}ICTaBI/IM IMMOJTYYCHHBIC BBIPAXKCHHA B IICPBBIC BA CJIaracMbIC H.

ajay + ayay = (cos by + sin ¢b; )(cos ¢pb; + sin ¢by) + (— sin ¢pb] + cos ¢pb; )(— sin ¢pb; + cos ¢pb,) =

= cos ¢ cos ¢pb by + sin ¢ cos pb, by + sin ¢ cos ¢pb| b, + sin ¢ sin pb; by +
sin ¢ sin ¢pb b — cos ¢ sin pb; by — sin ¢ cos ¢pb b, + cos ¢ cos ¢pb; by
= (cos® ¢ + sin*¢)bi b, + (cos® ¢ + sin*p)bib, = bTb, + b3 b,.

Tenepp npoBenemM 3aMeHy IEPEMEHHBIX B TPEThEM cllaraeMoM H

(ai + a1)(a; + ay) = (cos ¢pb| + sin ¢pb; + cos ¢pb| + sin ¢pb,)(— sin pb| + cos dpb; — sin ¢pb; + cos pb,) =

= (cos ¢(b] + by) + sinp(b; + by))(—sin¢(b] + by) + cos ¢p(b; + by)) =
= —cos ¢ sing(b} + b)) +sin ¢ cos ¢(b; + by)* + cos® ¢(b + b)) (b} + by) — sin” ¢(b; + by)(bT + b)) (¥)
OTMCTI/IM, YTO 1CJIb 3aMCHBI HepeMeHHBIX — I/I36aBI/ITI)C$I OT cCJlara€MbIX, B KOTOpI)Ie BXOOsT bl nu b2

(b] u by, m T.I.). A 3HAYMT, €CIIU NPHUHATH ¢ = 7/4, TO TMOIYYUM, YTO TOCJIETHUE JIBA CIIAraeMbIX B

(*) MOXKHO TIepenucarh Kak CyMMY YE€ThIpeX KOMMYTaTOpPOB %([b*,b; 1+ [b1,b3] + [b],by] + [by, bs)),

1
. V27 V2
IIPUBOAMT K KeJlaeMoMy pe3ynbrary. 1locie 3amensl onepatop H NPUHUMAET CIEAYIOIINUN BHUI:

1 1
(i N 4 NG
KOTOpas paBHA HYIIO. TakuMm 00 a30M, I10J1Iydac€M, 4TO 3aMC€Ha INCPEMCHHBIX C MAaTPHUICU V2 V2
1

4
+Tenepb IMpOU3BCACM 3aMCHY, UTO OBl IIOJIHOCTHIO U30aBUTHCA OT IIOCJICAHECTO cj1aracMoro.

H = ho{biby + biby + =(=(b] + by)* + (b} + b)) + 1}, r1mef= -1 (10.2)

d, = CZb;r +,8b1 d;— =a'bh +ﬁ*b_{
, Torma
d2 = ’)’b;r + (sz d; = ’y*bz + 5*b§

U3 ycnoswii [d,df] = 1, [dy,d;] = 1, [di,d}] = 0 n [d,d]] = 0 (amanoruyno npeasiaymiei
3aMEHE) MOJyYyaeM CHUCTEMY:
[di,d{] = aa’bib, + BBb1b] — aa’bby — BB*bTb; = aa” — BB" =1
[dr,dy] = yy*'bib] + 66"b,b; — yy*aja, — 66" aja, = yy* — 66" =1
[di,d5] = ay*bib] + B6"b,b3 — y'aaia, — 6" Baya, = ay” — po* =0
[di,d5] = ya'bib] + 6p"b,b; — a*yaia, — B*éasa; = ya" — 6" =0
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Takum 006pa3oM, MaTpHIla MPeoOpa30BaHMs ABISETCS MATPHUIICH TUIIEPOOTMIECKOTO TOBOPOTA U MOXKET

ch(¢), - sh(«p)J
sh(¢), ch(¢)

AHaNOTUYHO TPEIBIAYIIEH 3aMeHe MOXKHO OBbLTO ObI IOACTABUTH BBIPAKEHUS I d B TIOTYYCHHYIO

OBITH 3aIIMCaHa B BUJE:

dbopmMyity, 3aTeM COKpPaTUTh HEKOTOPHIE CllaraeMble, MPOBECTH PACCYKICHHS KacaTelIbHO TOTO, KaKUM
HaJ0 BBIOpaTh ¢, HO 3Ta paboTa mpojenaHa He OyJeT B CHILy TOTO, YTO JaHHbBIC BBIUMCIICHUS JIOBOJIBHO

I'POMO3JIKH U ITOJHOCTBIO aHAJIOTHYHBI Y7KC IMPOACIIAHHBIM. Cpa3y IMPpUBCACM PCIYJIbTAaT.

B/2
1+8/2°

f?:hw{\h-+ﬁ&ﬁdl+%)+‘Jl—ﬁ0£d2+%)}. (10.3)

Tak kxak omepatopsl Ny u N, KOMMYTUPYIOT, TO CIIEKTP TaMHJIBTOHHAHA TPENICTABISAET COO0H cymmy

[Tonoxum ¢ Takum, uro th2¢ = Torga raMWIBTOHUAH IPUMET BUJL:

CHEKTPOB:

E, ., :hw{\/l +,3(n1 +%)+ \/l—ﬂ(n2+%)} (10.4)

11 3agaua He U3 cIHUCKa

Haiiti coOCTBEHHBIE 3HaUEHHs oreparopa J-.
Pemenne

Hanomuaum, uto

- -
J=L/h=-irxV=|x y z (11.1)
i) - 0 i)
_ZEC _lﬁ_y _lﬁ_z
=T+ T+ 5 (11.2)

Jlerxo IIPOBEPHUTH, UTO CIIPABCAJIMBEI CICAYIONINE KOMMYTAlIUOHHBIC COOTHOIICHUA

[V, Sl = i€kmdm;

[Je, J?1=0 (11.3)

Beenem oneparopsr J, = J; +iJ,,J_ = J; —iJ,. Torna nockonsky J;” = Ji, 10 (J1)" = Jz u

[J3,J4] = Jss

[J3,J]1=—-J_. (11.4)
Jlanee,

[J,J 1=2J3 (11.5)
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[J2, 0] =%, 01 = [J2, J5] = 0. (11.6)
2 1 2
J? = E(J+J_ +J_J)+ J5. (11.7)
JJ. =1 =55+ 1)

JoJ. =T = (s -1) (11.8)

N3 ¢ynkumnoHnampHOTO aHajdW3a M3BECTHO, YTO €CIM OINEpaTopbl KOMMYTHPYIOT, TO CYIIECTBYET
o0mmuii Habop coOCTBEHHBIX (YHKIMHA IJI1 3THX OIeparopoB. Torma MOXHO 3amucaTh 3ajady O Ha-
XOKJICHHM COOCTBEHHBIX 3HAYEHUH M COOCTBEHHBIX (YHKIMH IS OmepartopoB J> u J3 cieayromum

o0Opazom

PWam = Wy JstWam = M (11.9)

Torma
/l('ﬁﬂm’ ler///lm) = Z(lhm, J]%‘/’/lm) = Z(Jklyl’/lm’ Jk‘/’/lm) =
k k

= > Wihanll® > 0. (11.10)
CnenoBarensHo, A > 0.
Hanee,
JoJ- = [A=m(m + DY,
J_Ji =[A—m(m— D] (11.11)
Torma
I cthamll = @ams J-T am) = [A = m(m + Daml
V-l = [A = m(m = D]l anll (11.12)
A, 3HAUMT,
- +1)>0, 1 1
mm+ D201 dem<-ti Vi (11.13)
A-mm—-1) >0, 2 2
e 4 = ‘—1‘ + 142> i. [Tonoxum j = —% + V4, torna A = j(j+ 1),j > 0, u paBercrsa (11.9) moxHO

3alircaTrb B BUJC
PG i = JG + D jm
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S jm = M, (11.14)

npuueM —j < m < j. Kpome Toro,

I jull® = LG+ 1) = m(m + DIl

I jll® = LG + 1) = m(m = DNl (11.15)

MoXHO TIOKa3aTh, YTO COOCTBEHHBIE 3HAUEHHS M = j U M = —j U COOTBETCTBYIOIINE UM (pyHKIMU

cyuectBytoT. Torma

Jopii=0mJ_y;_; =0 (11.16)
JHainee,
sy = Jed Wi = Jothin = Js(Fetin) = (m + D). (11.17)
3Ha4uT,
JWjm = C('+) jm+1s
{ Vi gj")wf’ H (11.18)
J_l,ﬁjm = ijlﬁj’m_l.
Torma TOKHBI CYIIECTBOBATh TAKUE HATYPAIBHBIC 71, M M_, YTO
. : . . N
m+n,=jum—n_=—j=2j=n,+n. = j= §,N=0,1,2,... (11.19)
m=—j—j+1,...,j
2j+1
CnenoBaTeiabHO,
Jetbim = LG+ 1) = mm = D] ey (11.20)
Benomunm, uto J? = J_J, + J5(J5 + 1), Torga
ler//jm = J—J+lr//jm + J3(J3 + 1)'7[/]111 = [.](.] + 1) - m(m + 1)]1/2J—wj,m+l + (mz + m)lyl’jm =
=[G+ 1D —mm+ D2+ 1) = (m+ Dm] P + 0+ m)W j = G+ DY . (11.21)

12 3agaua Ne9b

B cocTosHuu ¥ ¢ onpezneneHHoN npoekurei MoMeHTa Ha ock Oz, [ = my, HalTH cpeHre 3HAYCHUS

(Lo, <0y, (L.
Pemenue

L= %(L+ +L) (12.1)
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1
Ly= (L.~ L) (12.2)

1
L.L, = 4—i(Li - L?-2L) (12.3)

OyHKUUA Y ABISETCS COOCTBEHHBIM BEKTOPOM olieparopa L, OTBeyaroleMy COOCTBEHHOMY 3HAUEHUIO

m. ITorTomy

1 1
('//m’ Lx'//m) = E(wm’ (L+ + L—)'//m) = 5 {(Wm’ C;zwmﬂ) + ('//m’ C,;'vl’m—l)} =0. (124)

CnenosarensHo, (L) = (L,) = 0. A, 3naunr, ([,)(= (L,/h)) = (l,;) = 0. YuursBas 10, ut0o L] = L7
nMeeM

(wm’ (L+)2l//m) = (L—l//m’L+wm) = (cy_nl!’m—lac,;l//m+l) = 0 = (lr//ma (L—)zl//m)- (125)

Otkyna cienyer, 4to

1 m i
U L) = = 2La) = =52 = S = (k) = 5m. (12.6)

13 3agaua

B cocTosiHuM ¢ ¢ onpeseneHHbMu 2 1 [, Pl[/ =I(l+ 1)y, [ = my, Haiitn CpeIHUE 3HAYCHHUS (l?c}, (fyz).
Pemenne
[Mockonbky (GyHKIUS Y(x) ABNSETCS COOCTBEHHBIM BEKTOPOM JUIsl Oreparopos L2, L., To crpaBe-

JIMBa CJeayromas ncrno4yka paBCHCTB.

1 2 1
W, Py) = (w, (E(h + L)) w) = WLl +LLy) = (13.1)

1 1
= Z(l_lﬁ, I_y) + Z(l#ﬁ’ L) =

[+ -mm-1)+{(l+1)-m(m+ 1))} = %(l(l +1)—m?)

FN

. 2 1
W, By) = (w, (50 -1) w) = WL+ LLy) = (132)

= . By) = 30+ 1) - )
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14 3agaua

HaiiTn mmoTHOCTh BEPOSITHOCTH PA3IMYHBIX 3HAYEHUW UMITYJIbCA SJIEKTPOHA B OCHOBHOM COCTOSIHUH
aToMa BOJIOpOJIa.

Pemenue

3anumem ypaBHeHue llIpenunrepa, COOTBETCTBYOIIIEE OCHOBHOMY COCTOSIHHIO aTOMa BOAOPOA, B

chepuuecKkux KOOpAWHaTaXx:

P1d ,0 «a
-—— =) -——-E|y=0. 14.1
( 2m r? Br(r 0r) r )lﬁ (14.1)
®yHkuMIo Y MBI Oynem uckarh B Buge ¥ = Ce ™", TloncraBum 510 BeIpaxkenue B (14.1), momyunm
h? n?
e g By (14.2)
2m mr r

UroOs! (14.2) ObuI0 BEpHO IpH JIFOOBIX ¥ HEOOXOAUMO, YTOOB! KOA(PHUIIMEHTHI IIPH BCEX CTENEHSIX

r paBHsuCh Hymo. T.e. = <7, Benem o06o3HaueHue rp = [l); (aucno rp Ha3wIBaeTcs paaunycom bopa),

ToTAA
h2
E = > (14.3)
2mry,
Boruncnum koadpdunuent C.
/4 /g +00
czfd¢fsin9d9fr2e3—édr: 1. (14.4)
- 0 0
CnenoBaTeabHO,
1
C= —. 14.5
\/7_'[}"2/2 ( )
Hanee,

1
Y(p) = R fg[/(r)exp {i%}dl' =

U T 4o

= m fffw(r) exp {i%}rz sin Odrd¢pdl =
0

T+
= ! 2n ffexp {—L + il cos 9} r* sin 0drdd =
(2rn)312 \[rr3/2 J J rg
B (14.6)
Qany3 2 (1 + p2ri [h2)? '
Takum o6pazom
2 8ry
p(@) = (P = (14.7)

23 (1 + pzr%/hz)“'
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CnuH 3J1eKTpoOHA

o cux mop Mbl paccMaTpUBajIM 3JIEKTPOH KaK HEKOTOPOE TBEPAOE TEO (OUeHb MAJICHBKUX Pa3MEPOB),
umMmeroliee Maccy m u 3apsj e. Ha ocHOBaHUM 3TOro NpeanoiaokeHus OblIO0 pelIeHO MHOKECTBO 3ajad,
OMUCHIBAIOIIMX CBOKMCTBA MUKpodacTUl. OIHAKO TaKOe MPEACTABICHHUE HE SBIISIETCS MOJIHBIM, TaK Kak
CYUIECTBYET Psii PU3NYECKUX IKCIIEPUMEHTOB, KOTOpPbIE MOKA3bIBAIOT, UTO JIEKTPOH 00Ja/laeT HEKo-
TOpOU BHYTpPEHHEW XapakTepucTUKoi. [l Oojiee MONHOTO OMUCAHUS IEKTpPOHA OylAeM CYHTATh, YTO
OH TIPEJICTaBIIsIeT COOOM Bpallaroieecs TeJI0 BOKPYT HEKOTOPOW OCH, MPUYEM BPAIIATHCS OH MOXKET
BCETO B JIByX HampaBieHusX () BOKpyT 3Toi ocu. MOXKHO TIPEJICTABIIATh ce0e 3JIEKTPOH KaK HEKOTOPHIi
BOJTYOK. B CBSi3U C BbIlIecKa3aHHBIM OyleM MPECTABIATH MOJTHBIA MOMEHT 3JIEKTPOHA B BHJIE CYMMBI

JIByX MOMEHTOB: OPOMTAIBLHOTO M COOCTBEHHOTO.
Ji=L+S, i=1,2,3

3nech J; — TOJMHBI MOMEHT, L; — OpOMTaIbHBIA MOMEHT, COOTBETCTBYIOIINN JBI)KEHUIO YaCTHUIIBI
B HpOCTpaHCTBe, Si — CO6CTBGHHBII71 MOMCHT, COOTBGTCTB}/’I—OH_II/Iﬁ BHYTpeHHeMy COCTOSHHUKO YaCTH-
bI. CO6CTBGHHBII71 MOMCHT HA3bIBAKOT CIIMHOM. I[JIH MATEMAaTUYCCKOI'0 OIIMCaHHus 4aCTUIbl CO CIIMHOM
BBCIICM Z[BYXKOMHOHGHTHYIO BCJ’II/ItII/IHy

Yi1(x)

Wa(x) )

KoTOpasi Ha3bIBaeTcs cnuHOpoM. DyHKIUS ¢/ (x) COOTBETCTBYET BPAIICHUIO JIEKTPOHA B OJHY CTOPOHY,

byHKIUA Yo (x) — B Apyryto. Ha dyHkumu 1, Y, HaJoXXeHO yClIoBHE

f (1 (OF + ()P )dx = 1

KOTOPO€ O3HAYaeT, YTO CyMMa BEPOSITHOCTEH BpallleHUs 3JIEKTPOHA B KA1yl CTOpoHY paBHa 1 (!).
Ecnu opueHTanus cnmHa HE 3aBUCUT OT IIOJIOKEHUS YacTULbl B IIPOCTPAHCTBE, TO CIMHOP ¥ uMeer

BHUJT
a
¥ = y(x)
@
I1e @1, @y — KOMIUIEKCHBIE YHCIa, U |aq)* + |as)* = 1.
Onuiiem cTpyktypy S;. SAcHo, uto S; € Matr(2X2), Tak Kak S; JOIKHBI ICHCTBOBATh HAa CIIMHOPAX.
HanumeM sBHBIN BUJ omeparopoB S;, KOTOpbIE, KaK ClIEAyeT U3 KOMMYTAIMOHHBIX COOTHOIIEHH,

ABJISAIOTCS reHepaTopamu rpymisl S U(2):

h
S,’ZEO'I', i:1,2,3
0; Ha3bIBAIOTCA MaTpulaMu HayJ'II/I.
01 0—i 10
o= 2 =1 . 3=
10 i 0 0-1



CaovictBa marpun Ilaymn:
o; =1, [oi, 0 jls = 2635, 00 = 0;j + €;j0. (14.8)

3neck 0;; — cumBoia Kponekepa, e;j — cumboin Jlepu—Uesursl. [A, B], — antukommyTarop. Ilo ompe-
JIETICHUIO OH paBeH [A, B], = AB + BA.
Ecnmu Mb1 Oynem paccmarpuBarh 0; KaK KOMIIOHEHTHI BEKTOpAa, TO MPOEKIIMH STOTO BEKTOpa Ha

m000¢e HarpaBjieHue OylyT UMeTh COOCTBEHHbIE 3HAUCHUS +1.

15 3agaua

DNEeKTPOH HAXOAUTCSA B COCTOSHUU C OIPENEICHHBIM 3HaueHueM S, = /2. Hailtu BepoATHOCTH BO3-
MOKHBIX 3HAaYCHUH MPOCKIIMY CTIMHA Ha HampaBleHue N = (sin a cos B, sin a sin S, cos @).

Pemenue

Cunraem, YTO CIOUH HE 3aBHCUT OT IOJIOKEHUS B NMPOCTPAHCTBE, TO €CTh BCE CIIMHOPHI B 3a/1aue

HMEIOT BUI

a
¥ =y(x)
0%)

Besne Hmxke OymeM omyckath /(x), To ecTh cumTaeM, 4to ¥ = (ai,a»)!. Ilo ycnoBuro 3amaum
S.¥ = h/2¥. D10 03HaYaeT, 4ToO 3aMaH IEKTpoH co crmuHopoM (1,0)7. Halinem cnmuoOp, onmchI-
BAIOIIMI YaCTUIly C CIIMHOM,0pMEHTHPOBAHHBIM BJIOJIb HANPaBJICHUs N. JIJIst 3TOTO pemmm cienyromnee
ypaBHEHHE

(on)¥V =&Y

3nech 0 = (071,03,03), ¥ = (x,y)!, & = 1, n = (ny, ny, n3). [omyuum

ny—§& np—ing
. =0
nl +in, —-n3—¢
CoOcTBEHHBIE BEKTOPHI CYTh
n3+¢&

ny +iny

v=C
e C — KOHCTaHTA. I[eﬁCTBHTeHBHO, JJIA HepBOﬁ CTPpOKH MaTpHlibl UMECM
(n3 — &3 + &) + (ny —im)(ny +iny) =n3 —E +nj+ny=1-¢=1-1=0
Jlns BTopo¥#i cTpoku Bce odueBUaHO. HopMupyem monydeHHbIe COOCTBEHHBIE BEKTOPA.

n+¢&

ny — ing

V*:C*
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W, v) = (3 + € +n7 +m)ICP = 1= (1+ 1+ 2nm38€)|CP* = 1. Orcrona

ICl =

1
\/EVI +n3§
1 Vi + & i

v=—| ny +in, |

V2 Vns + ¢

ITogcTaBuM BMECTO niy, Ny, n3 BIPAXXCHUA U3 YCIOBHUA 3ada4u. HOHy‘{I/IM

1 Veosa = 1

v=——| sinae®
\2
Veosa + 1

C yuerom Toro, uto 1 + n3é = &(¢ + n3), noayuum

cosa/2 i
ve=| e
ePsina/2

—sina/2 i
vo=| . e
e’ cosa/2

Teneps cBEpHEM TIOJTyYeHHBIE BEKTOPBI ¢ BekTopoM (1,0) U3 HauaIbHBIX JaHHBIX 3a/a9H, TTOIYYHM

a .
@, = cos —e'
2

. a
a_ = —sin —¢"
2

A HICKOMBIC BCPOATHOCTHU — 3TO KBAAPAThI MOZ[YJ'ICI\/'I Haﬁ}:[eHHBIX BCJIMYHH, TO €CTh

a
la,]? = cos® =

16 3agaua

Hcnonw3ysa ypasuenue [laynu, HaliTH CIIEKTp SHEPTUU AJIEKTPOHA B MOCTOSHHOM OJTHOPOJIHOM MAarHHT-
HoMm nionne H = He,, 3amaHHOM BekTop-nioteHmanom A = —yHe,.

Pewenue

Jlnst wactunsl B MarHuTHOM noste [laynu moctynupoBai cienyroliee ypaBHEHHE

or .
IE :prj
. 1 e \2 eh
»= 3 (P A) gt



3nech A — BEKTOP-IIOTEHLIMAT MarHUTHOTO 1ojisi, H — BEeKTOp MarHUTHOTO I0JIsI, O — BEKTOp, COCTAB-
JeHHbIA u3 Matpul [laynu.

Pemenue 3Toif 3a1aun HAMOMUHAET pellICHHE 3a/1a4u I rapMoHudeckoro ocumstopa (I'O). Unes
PEIIEHHS COCTOUT B TOM, 4TOOBI BHIPA3uTh H » 9E€pE3 ONEPATOPBI POKICHUSA U YHUUTOKEHHS U TIOJTyYHTh
otBeT. Kak u B ciyuyae ¢ 'O Oynem paccMmaTpuBaTh cTallMOHapHbIE cocTosiHUS. bynem paccmarpuBarhb
byHKINN

Y= e P (x)

YPaBHeHI/Ie HlpeL[I/IHrepa I CTAaOMOHAPHOr'o Cliydasa UMCECT BUJ
H,%, = E,Y,

Hama 3amaua nantn E,,.

IToncraBuMm HavanbHbIE JaHHbIE B H ). Ilomy4unm
2

N 1 eH 5 o eh
Hp:% (px'i‘?y) '|'py'|'pZ _ZO-SH

3ameHuM p, Ha —ifid,, a py, HA —ifid,. 3aMeTUM, YTO p, OCTaBIAEM KaK €CTh, TAK KAK MarHUTHOE I10JIe

HaIIpaBJICHO BaOJIb ocu Oz. Ilonyyum

1 e’H? H h
1P + ykgmiw@—##+ﬁ - L oH (16.1)
2m c yousE 2mc
O6e3pasMepuM TepeMeHHbIe. [l 3Toro BBeeM
/ QeH
hc
3necs 0 = sign(eH). Torna
/96H 0 OeH 0

(?x hc (9§x 6y he (9§y

Toxcrasus 510 B (16.1) 1 0603HaumB w, = 2 monyunm
i
R~ 2i600,.£, + £ - ¥)+pZ—“;

Beenem

1 1
a = (=i00¢, + &, + 0¢)—, =
& Y & \/5 \/i

[TokaxkeM, ut0 a* = a* u [a,a™]_ = 1. 31ech a* — 3pMUTOBO COMPSHKCHUE OIepaTopa d.

+00 (9 B
\/_(aqb V) = ff (—106 + &0 + 6_¢) ydédé, =
Ex &y

+00 6~ +00 a" —+00 B
OIS + 8 f f ¢%d§xd§y+i¢wli§— f f ¢%d§xdfy+ f f £, e dE, =
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0
f f (—ze +& - @)wdfxd§y=(¢,a*lﬁ)‘/§

Teneps mocunuTaeM KOMMYTATOP
la,a™)_¢ = (aa™ — a"a)y

Beraucnum otnensHo aa™ v ata.

1 1{ 0%y aw oMy
W= =(=i00; + &, + 0:)(=i00; + &, — O =—|-— - -
aa w 2( l &x fy f))( l &x é‘:y fv>¢’ 2( aé;)% f) a . a‘fxaé:y
L., dy Oy W Py
06,5+ EW — by — it Ut by~ | =
Yog, 7 Y0£, T OE.0¢, YoE, 0
1 .
3 (0%, - 20i6,0¢, + £ + 1 -0} )y
AmnajnorugHo
1 .
atay = 3 (02, — 26i£,0,, + £ - 1-0; )
Takum obGpazom
[a,a’ Ty = ¢
Wrak, mokaszamu, 4ro a* = a* u [a,a*]- = 1, a 3HauuT momnanu B ycnosus 3amauu o ['0O. W3 3amaun
o I'O u3BecTHO, 9TO COOCTBEHHBIC 3HAUCHUs oreparopa a*a cyth uncna 0, 1,2,.... Teneps, BoIpa3us

oneparop H, yepes omneparop a*a, umeeM

. 1| _ hw. p:
Hp:hwc{a+a+§}+ 5 +ﬁ.

Taxum 00pa3oM, MPUXOJUM K OTBETY

»”

1
E, =hw, {n + E(l —f)} + T

rmeé==+1,n=0,1,2,....

17 3agaua

BpIunuCIUTh CTaTUCTUYECKUN BEC COCTOSHMS € dHeprued E cuctembl N HE3aBUCHUMBIX OCHMILIATOPOB
4acTOThl w. HalTH TEII0EMKOCTh CHCTEMbI KaK (YHKIUIO TeMIeparypsl 7.

Pemenue:

BgeneM noHsATHE CTAaTHCTHYECKOTO Beca.

CocrostHUE CHUCTEMBI B IIEJIOM XapaKTepU3yeTcs psaoM mnapameTpoB (Hampumep, P, V,E ). Ilpu
ATOM, KaXKJI0€ MaKpPOCOCTOSHHE OOYCIIOBJICHO COCTOSHHUSMH BCEX OOpa3yIOIIUX CHCTEMY YacTHI] —
MI/IKpOCOCTOSIHI/IHMI/I, 3a4aBacMbIMU 3HAUYCHUSIMU KOOp,Z[I/IHaT nu CKOpOCTefI aTOMOB U MOJIeKy.H CUCTC-

MBI. CJ'ICI[OBB.TCJ'II)HO, KaXXJ0€ MaKpOCOCTOSAHUEC MOKET OBITh PE€aIn30BaHO pPa3JIUYHBIMU crocodamMu.
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Taxxe Oynem nosararb, 4To JH000H HAOOP MUKPOCKOIIMYECKUX MapaMeTPOB, ONPEIEIISIONUX JaHHOE
MaKpOCOCTOSIHUE, PAaBHOBEPOSATEH. TakMM 00pa3oM, BEPOSTHOCTh HAXOXKJICHHUS CUCTEMBI B OIIPE/EIICH-
HOM MUKPOCOCTOSIHUH ONPEAENsIeTCs KOJMYECTBOM BAapHAaHTOB, KOTOPHIMH MOXHO IMOJYYHUTh JTAHHOE
MaKpOCOCTOSIHHE.

Craructuyeckuil Bec I” — €CTb YHMCIIO CIIOCOOOB, KOTOPHIMU MOXKET OBITh PEaTM30BaHO JAAHHOE

MaKpOCOCTOsSHHC.

OnpeJIe.HeHne 2. B coomsemcmeuu c BblUECUSNIONCEHHbIM, CmAMUCmu4eCKum 6eComM COCMOAHUA CU-
cmemsl ¢ 3Hep2uezZ E 6y()em HA3bl8ANTLCA KOJIUYECme0 pas3ludHblx MquOCOCmOﬂHuZZ cucmemsbl, Komo-

PoIMU MOIHCHO pearu3oeantb oannoe MaxKpococmosHue.

Omnpenenenue 3. Bgoosam nonamue sumponuu S = knI. Ilpu smom, memnepamypa u menioemkocms
onpeoensaiomcs ciedyruum oopazom:

1 aS OE

T = a_E CV = _a_T (171)

[Tepelinem K pelIeHHo MOCTABICHHON 3a/1a4H.

OTMeTI/IM, YTO KaXKIbIM OCHUIIIATOP B OTACIBbHOCTH UMECT YPOBHH DHCPIHUU:

1
E,=h =
w(n+2)

B CUJ1y HC3aBUCUMOCTH OCHUILIATOPOB, MOJHAA SHEPIUsA CUCTCMbI €CTh CyMMa 3Hepr1/1171 COCTaBJIA-

OIuX e€ OCHUJLIATOPOB.

N
E:ZE,” = Ehw+hw(n1 + o+ ny)

B JaHHOM BBIPAKCHUHN onpez[ensnomeﬁ SBIIACTCS CyMMa ny + -+ - + ny. KommaecTBo BApUAHTOB B
PE3YIbTATC TAKOIO CYMMUPOBAHUA IMOJYUYHUTh HAIICPC 3aJaHHOC YUCJIO m U €CTbh CTaTUCTUYECKHI BeC

cocTosinus ¢ sHeprued E = hiw(m + N/2), u MOXET ObITb BBIYUCIICHO, UCIOJB3Ysl KOMOMHATOPHYIO
hopmyay:
(m+N-1)!
T MmN = 1)
[Ipeo6pasyeM maHHYIO HOPMYILY B COOTBETCTBHH ¢ (hopmynoii Ctupiunra n! ~ n'e™ \27an:
o= (m+N=1)(In(m+N-1)~1) Vm+N-1
e~ Inim=D g=(N-DN=D=D /50 N =

__ym +N -1 o~ (mEN=D(An(m+N=1)=D)+(N=D)(In(N=1)~1)+m(in(m)-1)
V2rm VYN — 1

(17.2)

I =

Torma
Inl = In (2—%) —m+N=D(In@m+N—1)= 1)+ (N = DH(An(N = 1) = 1) + m(In(m) - 1)
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3anuirem BBIPAXKCHUEC IJIA S , OCTaBUB TOJIBKO ITIAaBHBIC YJICHBI BBIPAXKCHUA, IPUHUMAsA BO BHUMAHHC
TO, 4TO Num JO0CTAaTO4YHO OoubIIHNE:

S =kInT = k[(~(m + N)In(m + N) + NIn N + mInm]. (17.3)

Tenepp BbIUMCINM TeMIIEpaTypy, BOCIOJIb30BaBIIUCH (hopmyioit (17.1).

108
T OE
HanomHuuwm, uto 3Heprust E cucremsl paBHa fiw(m+ N/2). B paccmarpuBaeMoM citydae N cuutaercs

MMOCTOSTHHOM, a m MEePEMEHHON BEIMYUHOM, TAKUM 00pa3oM, MOTydaeM:

T:(?_E_% hiw

Bripaxaem m depe3 E u nomyvaem:

1 E\"
1_95 _ 080k :i(—ln(m+N)+1nm):—iln(m”v).
om hw

m

1 k 1 E + N/2hw

-——In——- 17.4
T hiw FE - N/2hw ( )
BeIpaxxaem n3 nosrydeHHOro paseHcrsa E yepes 7'

E+ N/2hw hw N hw
~hw /KT _ — o8 = x
e = E_Nho = E(l —er) 2hw(1 +er) =

1 hw
ET) = Ypplte” :N(h—w+ hew )

17.5
2 1 - e%) 2 e%) -1 ( )
Tenepr BBIUMCIUM TEINIOEMKOCTh, OJIB3YCH popmyioit (17.1).
hw w w
o, JOE _NES et Nho _ gNeho | gwp ol
orT oT T (ef? —1)2 (et —1)2 k(T - 1)
(hw)? [ hw

Cy=N h™ [ —]|. 17.6
V=Vt 2T (17.6)

3ameTuM, 4TO TeMIEepaTypa CUCTEMbI TakxKe Oblia HaieHa, cM. hopmymy (17.4).
18 3agaua

BpIU4nCIATG CTaTUCTUYECKYIO CYMMY CUCTEMBI N HE3ABUCHUMBIX OCLHJUIATOPOB YaCTOTHI w MPHU TEMIIE-
parype T ¥ HalTH TETUIOEMKOCTb CUCTEMBI.

Pemenne:
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TepMoanHaMHUECKHE CBOMCTBA KJIACCUYECKON CHUCTEMBI, COCTOSIIEH M3 N OJMHAKOBBIX YACTHI] U
3aHUMaronIeit 0obeM V npu Temneparype 7', MOJHOCTBIO ONPEIEISIOTCS KAHOHUYECKOW CTaTUCTUYECKOM

CyMMOM:

En
Z= Z e ¥ , 3;mech OepeTcst CyMMa 10 BCEM Pa3IUYHBIM MUKPOCOCTOSIHUAM cuctembl.  (18.1)
n

YrBep:xknenue 4. /[na cucmemvl, cocmosiujei u3 N 00UHAKOBBIX, HE3A8UCUMbIX YacCmell, e€ CIamucmu-

yeckas cymma mooicem 6vimo 3anucana, kax Z = (Zy)N, ecau smu uacmu paznuuumvl (nponymeposai).

Omnpenenenue 4. Bgedem nonamue c60600nou snepeuu F (c6oboo0Has snepeus 6 cmvicie lenvmeonvya):

F=E-TS.
Ommemum, umo c80000HAsL dIHEPUSL MONCEN ObIMb BbIMUCLEHA Yepe3 CIAMUCIUYECKYIO0 cymmy Z:
F=-kTInZ. (18.2)

Taxorce, 6 cumy onpeoeneHus, 8eIULUHA SHMPONUU MOdHcem Oblmb gvipadicena yepes F crnedyrowum

oopaszom:
oF
S =—-——. 18.3
3T (18.3)
Jlnis ciydasi pa3nMuMMBbIX YacTHIl ody4yaeM paBeHCTBO F' = —NkT InZ,.
Beraucnium E(T) st cimydasi, KOrJa 4acTH CUCTEMBbI Pa3InuUMBbL:
hw
F = NkT [In(2sh —|.
( n(2s 2kT)
3ametum, uto F = E — TS, caenoBarenbHo E = F + TS . Beipaxkaem S vepe3 F: § = —g—?.
oF 0 hw
E=F-T— =-NkT?*|—1In|2sh —]||.
ar (aT n( > 2kT))
hw
E= -yt (1o ) Nhw o
2sh e \2kT? 2 2kT
2%T
Tenepb BBIUUCITUM TEIUIOEMKOCTh CHUCTEMBI:
OE Nhw h 1 N(hw)?
Cy o e 1 () (18.4)

=5 = 212 20w y"
oT 2 2kT?sh® 22 2kT?sh®(;%)
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